Written exam of Condensed Matter Physics - July 12th 2022
Profs. S. Caprara and A. Polimeni

Exercise 1. Sodium chloride (NaCl) is a face-centered cubic (fcc) lattice with a Na-Cl atom basis. The NaCl lattice
can be regarded as two interpenetrating fcc primitive lattices displaced by d = (2 49 + 2), where a is the side of the
conventional unit cell (see the right panel of Fig. 1) and @, g, 2 are the unit vectors of the corresponding Cartesian
axes.

1. [3 points] Given that the mass density of NaCl is p = 2.16 x 10% kg/m?, and known the masses of Na (M, =
3.82 x 10726 kg) and C1 (M, = 5.89 x 10726 kg) atoms, calculate the side of the conventional unit cell a.

2. [8 points] The graphs in the central and right panels of Fig. 1 show the phonon dispersion curves along the I'-K
direction of the first Brillouin zone (the central panel reports the entire dispersion curves, the right panel displays
an enlarged view of the acoustic phonon branches near the I' point). Determine the average sound velocity v._,
associated to the given direction, within the Debye model. Determine the Debye temperature ©, of the sound modes,

assuming that v, . can be taken as the average sound velocity v, within the Debye model.

3. [4 points] Evaluate the specific heat ¢, at the temperatures T' =T = 10K < ©, and T' = T, = 600 K, assuming
that only sound modes contribute at T'= T} and that complete equipartition is achieved at T' = Tb.
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Fig. 1.

Exercise 2. Consider a two-dimensional honeycomb lattice (see left panel of Fig.2) with lattice parameter a =
0.425 nm, whose inequivalent sites are occupied by two different atoms, A and B, respectively. Both atoms have
outermost s-type orbitals, with atomic energies ¢, = —3.65eV and ¢, = —4.15eV, respectively. Assume that the
electron bands of the given system can be described within the tight-binding approximation, with nearest-neighbor
transfer integral v = 0.75eV. All other transfer integral and all overlap integral are negligible. Two electrons per unit
cell are present.

1. [5 points] Determine the tight-binding expression of the valence and conduction band, e,(k), and e.(k), where
k = (kg, ky) is the two-dimensional wave vector.

2. [5 points] Calculate the values of the bands at the high-symmetry points I', K, M of the first Brillouin zone (see
right panel of Fig. 2, the side of the hexagonal first Brillouin zone is b = %).

3. [5 points] Show that the maximum of the valence band and the minimum of the conduction band are located at
one of the high-symmetry points, and determine the band gap E,.

Fig. 2.

[Note that 1eV corresponds to an energy of 1.602x 1071? J; the Planck constant is i = 1.055x 10734 J-s; the Boltzmann
constant is r, = 1.381 x 10723 J/K].



Solution of the written exam of Condensed Matter Physics - July 12th 2022
Profs. S. Caprara and A. Polimeni

Exercise 1.

1. For NaCl, in a conventional unit cell with volume a® we have 4 (i.e., £ x 8+ 3 x 6) Na and CI atoms. Consequently

o= [400 M)

1/3

] = 0.564 nm.
p
The volume Bravais lattice point density is

4
n=—=223x10%m"?,
a

and the volume atomic density is N' = 2n = 4.46 x 102 m~3.

2. Taking the ratio between the phonon energy and the wavevector in the linear region of the dispersion curves, one
obtains

B(g=15nm™ ') =2.00meV = vy =2025.7m/s,
E(g=15nm™ ') =344meV = v = 3484.2m/s,
E(g=15nm ') =481meV = v, =4871.9m/s,

as the velocity of the two transverse and of the longitudinal sound modes. Then,

1/1 1 1\
Ur_x = g 734—73—’—*3 :2699m/s

Vi Vi Yy

Hence,

0, = "o (652n)"* = 227K,

Ky

where, according to the text, v, was identified with v, .

3. The low-temperature specific heat of the crystal is dominated by the sound modes, so at T'=T; = 10K we can
write

T 3
co(Th) = 234 (@1) nk, = 6.23 x 10° J/(K - m?).
D

At T =T, = 600 K the text suggests that complete equipartition is achieved, therefore we can use the Dulong-Petit
formula ¢,(Ts) = 3Nk, = 6nr, = 1.85 x 106 J/(K- m?).



Exercise 2.

1. Let h = a(§7 1), a(—@, 1), a(0,—1) be the vectors that locate the three neighboring B atoms of an A atom
taken as the origin, and

. . 3ak, .
I =n~ Z ekh = 9 eithu/2 cog <\[§ ) + yeiaky,
h

with I'_g = I';,. Then, the coefficients of the linear combination of atomic orbitals of A and B atoms that contribute
to the valence and conduction band, b, and b, obey the set of equations

(e, —er)b, —Tpb, =0,
by +(ep —er) by = 0,

that admits nontrivial solutions only if the energy ey, fulfills the eigenvalue equation 3 — (¢, +¢,, )ex+€, &5 —|Tk|> = 0.

Thus,
g, T € E, — € 2
e A B :l: A B F 2'
€k 2 < 2 > +| k:|

The conduction band is the solution with the + sign, the valence band is the solution with the — sign.

2. We have

ky k K
[Dk|* = 447 cos? (@) + 49% cos <3a2 y> cos (ﬁ; ) +7° = Gp.

The coordinates of the high symmetry points of the first Brillouin zone are: T' = (0,0), K=b (%, ?), M=1b (O, 3).
Then,

Gr—r = 972 =5.0625eV?,  Gr_x =0, Grem =% = 0.5625¢eV?
Hence
ey(k=T)=-6.16eV, e,(k=K)=-4.15¢V, &,(k=M)=—-4.69¢V,
and

ce(k=T)=—164eV, c(k=K)=-365eV, e.(k=DM)=—31leV.

3. Since under the square root in the expression for the conduction and the valence bands there is the sum of two
squares, the maximum of the valence band and the minimum of the conduction band correspond to the minimum of
ITx|? = Gi > 0. This is located at the K point, where Gg—x = 0, hence

Ej=e(k=K)—ey(k=K)=¢, —¢, =0.5¢€V.



