Field Theory of Neural Networks
A Tutorial (Part 3)

* https://www?2.phys.uniromal.it/doc/crisanti/Teach/DF T/Files/CNS-19.pdf
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* Spin or “Neuron”

Si(t) = ¢(ghi(t))

g > (0 galn parameter

The Model

+]

e.g.
¢(z) = tanh(x)



The Model

* Spin or “Neuron”

Si(t) = é(ghi(t))

g > 0 gain parameter

¢(—x) = —¢(x)
p(+oo) = +1
* Dynamics

d N
—h0) = = (1) + ' T S0 +p o)

j=1

- hy(i) = h?
External source (field)
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N

e.g.
¢(x) = tanh(x)

Kirchhoff’s Equation

= “Synaptic” matrix



The Model

Our goal is to describe the dynamical behavior of the network

* Dynamics depends on the Synaptic Matrix

o symmetric Jij mm% Relaxation of an Energy Function E(hq,..., h,)

Dynamics is “simple”

Stable fix points local minima of Energy

® non-symmetric Jij me No Energy Function

Dynamics is non-trivial

Fix points, Limit Cycles, Chaotic behaviour
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The Model

Our goal is to describe the dynamical behavior of the network

* Dynamics depends on the Synaptic Matrix

o symmetric Jij

® non-symmetric Jij Wm}
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t0—>—00

N> 1

Relaxation of an Energy Function E(hq,...,h,)

Dynamics is “simple”

Stable fix points local minima of Energy

No Energy Function

Dynamics is non-trivial

Fix points, Limit Cycles, Chaotic behaviour

Steady state
Large System (Mean Field, Loop Expansion,...)

Random Matrix



Dynamic Field Theory in a Nutshell

Consider: Initial Condition
> 0,h" = F[h“] +h 5(t, — 1)

Useful notation

= hia = hi(ta) )
FIhl = = hi+ ) J; Sk ) Causality
=l aa=z+5 6 — 0%)

a

- ions: (h@h... L . :
Correlation functions: (/" i/"++) Average over initial condition, disorder, etc...

5 6
opf opf’

Response functions: - (A hjb“'>p (Susceptibilities)
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Dynamic Field Theory in a Nutshell

Consider:
S 0,h% = F[h“] +h) &(1, — 1)

Useful notation

N h® = h(t,)
Flh" = —he+ ) J;S(h) d
J=1 aa=z+5 (6 — 07)

a

S Generating Functional for Correlation and Response

Path Integral Approach
Functions induced by the dynamics
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Dynamic Field Theory in a Nutshell

a) Discretize time: dynamical equation — finite difference equation

0,h" = FIR1+h08(1,— 1) —— W' — h? = F[h*] 51 + h? 5Kt

a

Kronecker delta

ib%h?

b) Generating Functional: sum """ over all path (trajectories)

Z[b] = JHdhl?@ <hl.a — 71?) ibih Solution of the finite difference equation
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Dynamic Field Theory in a Nutshell

a) Discretize time: dynamical equation — finite difference equation

0,h" = FIR1+h08(1,— 1) —— W' — h? = F[h*] 51 + h? 5Kt

a

Kronecker delta

ib%h?

b) Generating Functional: sum """ over all path (trajectories)

Z[b] = JHdhl?@ <hl.a — 71?) ibih Solution of the finite difference equation

A

e Derivatives ib Products of /1 b = 0 — Correlation Functions

Z[b=0]=1
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Dynamic Field Theory in a Nutshell

a) Discretize time: dynamical equation — finite difference equation

a

0 = FIh +h08(t, — 1)) =D h** — b = F[h) 5t + h? 6K}

ib%h?

b) Generating Functional: sum """ over all path (trajectories)

Z[b] = JHdh?l5 (h_a _ }~ﬂ> oibih Solution of the finite difference equation
h'—he =0 =3 f(h') = h*' — b = F[h" 61— h) 555 =0

5 (he =T = LF O 18

Ito scheme — Jacobian = 1

Jacobian transformation: /2" — iz? =0->f(R")=0
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Dynamic Field Theory in a Nutshell

a) Discretize time: dynamical equation — finite difference equation

0,h" = FIR1+h08(1,— 1) —— W' — h? = F[h*] 51 + h? 5Kt

a

ib%h?

b) Generating Functional: sum """ over all path (trajectories)

Z[b] = JHdhiaé <hl.“ — 71?) ibih Solution of the finite difference equation

_ JHdhl." 5 (het = b = Fh16t — h0555 ) e

1 a0
l,a
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Dynamic Field Theory in a Nutshell

c) Integral Representation of 6 Function: hat-fields

T

A dné dh A A
Z[b] = [H 2 — exp [—ih? (hf“ — h* — F[h,]ot — h?éjfé) + ib?hf]

l,a



Dynamic Field Theory in a Nutshell

c) Integral Representation of 6 Function: hat-fields

+e g

sy = | Sreie
—co T

A dh dhf A A
Z[b] = [H lzﬂ — exp [—ih;f (h;l“ — hi — F[h,]ot — hl.‘)(s;f{)) + ib?h;’]

d) Add source for hat-field and take continuum limit 6t — 0

—Sthh+Y, (ﬂS?hf + iiz?bf‘)

Z[b,b] = Jc@il,-@h,-e h; = lim [ | dh¢

or—0
dh?
27

St k1= Y ikt [,h¢ — FIh) = 06, — 1) 7h = lim [

l,a ;
= [ dt,
1

0

~ M
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Dynamic Field Theory in a Nutshell

e hat-fields i — Response fields

Z1b,b] = J@izigzhl.e

l,a

—Sthh+ Y. (iia?h;l + iiz?bﬁ)

Sth,h] =y i |9, = F[h*] = h)5(t, — 1,)]

: b < p:

Derivatives p/ Derivatives b’

-

Products of llAzf

(W, hhbr. . homy =
41 L, 1 Jm 5bb1
J1

e o o <h.al. L] .h.an>
bm l] ll/l
ob;’

Note: Z[l; =0, =1
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Response Functions



Dynamic Field Theory in a Nutshell

* Disorder Average

N
Fh" = —hf+ ) J; S(h) Random
j=1

Correlation/Response functions depend on J;; — Random quantities

Note: Z[l; =0,b] =1

Average Correlation/Response — Z[lg, b = [dJ PlJ] Z[l;, D]
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Dynamic Field Theory in a Nutshell

 General Matrix:

_ 75 A
5 ]l-j = Jij + k Jij

7S — JS Symmetric part
i

A A . .
S == Antisymmetric part



Dynamic Field Theory in a Nutshell

 General Matrix:

l

— 78 A
=TSk

S = JS Symmetric part
i

A A . .
S == Antisymmetric part

e i.i.d Gaussian :Jl-j

=T=0  UP=0p=1—

J_l.j =0 y =1 : Symmetric Matrix
W _ % y =0 : Asymmetric Matrix
oy |22 y = — | : Antisymmetric Matrix
TN TS TR

k=0,1, oo
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Dynamic Field Theory in a Nutshell

* Disorder Average

Z[b,b] = exp Ziiz?JljS]?l

aij




Dynamic Field Theory in a Nutshell

* Disorder Average

ZIb,b] = exp | ) ihJ,S!

i Vi~

aij

Z[b,b] = J@h Dh exp {—2 iiz?(l +0,) h*

ia

ij L a

+ ) [ihbe + ib¢he'] }

1 _ -7a.Qa
+ﬁ - Zlhi‘sj +

2N “

ihese ihese
2 ihisy| | Qs

ij L a d L a

Averaged Correlation/Response G.F.

20



Dynamic Field Theory in a Nutshell

* Disorder Average

ZIb,b] = exp | ) ihJ,S!

iV~
aij

Deterministic part

Z[b,b] = [9%1 Dh exp {—2 iizf(l +0,) h*
| 1° ‘ 1T :
hase ! 1,aqa 7aQa
oo 2 | Zilesy| 450 X | Xy | | Xl

ij a ij a a

+ ) [ihbe + ib¢he'] }

Averaged Correlation/Response G.F.

Disorder induced interactions — non-local in space and time
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Dynamic Field Theory in a Nutshell

* Space Diagonalization

1 1 .
Define: C% =— ") 45> G =—"Y Saipb
N Z l l N Z l l

I

1
Use: 1 = J@X“b ) <X“b Y 2 xayb>

— J@Xﬂb@(Nf(ab) exp | —iX? (Nxab - Z xayb)

l




Dynamic Field Theory in a Nutshell

* Space Diagonalization

GCDCDCDG e~ NSICLEGbD [Exact DFT]

N

@‘)

S
%

P 1 . . A
§ 51C.C.6.G:b.b) = Y i€ +iGG*| — WIC.C.6.G:b. b
: ab

WI(-)] = m[@;}@h eL[iz,h;é,C,é,G,B,b]

¥ LI( )=~ Y ih(1+0,)h

; { a A o | ,\ ,\ A

+— Z [l-Cab Sasb + Cabihaihb] +— Z [iGab Sal-hb + }/GabihaSb
2 ab 2 ab

Y [iiz%a + i@aha]

One Variable dynamics
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Dynamic Field Theory in a Nutshell

 Consider

= J@é@ CDGCPG e NSICCOGO0N' gagh
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Dynamic Field Theory in a Nutshell

e Consider
Z (S;’Sl.b) — J'H@izi@hie_s[i“h] Z Sl."Sl.b

= J@é@ CDGCPG e NSICCOGO0N' gagh

But....

NS0T | Y susp | o TaiCrem JH‘@i’i@hi ATWCE S5t | Y sagh

e 2 L ICPCH 0 Jngh@h 07 Zab iCy, SO+
51C“b

= | ver] e
siCab
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Dynamic Field Theory in a Nutshell

 Consider

CNS-2019, Barcelona July 2019

Z (Sl.asl.b> = JH@%i@hie—S[ﬁ,h] Z S;’Sl.b

= | 2CDCDEDG e NSICCOGONN gagh

A

oiCab
N

= | 2C2CDGDG [ +NC“”] e NSCCGG00]

~¥ surface term

i A A .
= Z (5757 = J@ CDCDEDG e~NSICLCE.G001 cab — (caby

Average in the [(Af, C, é, G| - Field Theory
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Mean Field Limit N > 1

* In the V> 1 we can use peak integration — saddle point

Z[b,b] = J@égzcg»zé@c; ¢ NSIC.CGGbD] _ ,—NS([C.C.G,G:bb)

N> 1

where {é, C, (A?,H} follows from the stationary point:

0 ab agb
— o SI( =0 Ccab = (Sasby,
Tl SI(H]=0 iC = (ih%h"), = 0

0 ab a:1.b
—S1()1=0 G = (S9iRP),

B -GAab _ <iilasb> _ }/Gba
S[(C-)]1=0 : / 0

5Gab
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Self-consistent equations

27



LLh, b (-)o) = = ) ik’

CNS-2019, Barcelona July 2019

Mean Field Limit N > 1

* In the V> 1 we can use peak integration — saddle point

N
Zh. b ~ Z6P[b. b] = “9}3% e—L[h,h;c)O]]

a

(1+0,)h" =y ) GS’ — b
b

N> 1

1 A
2: ab:1.a:1.b
‘|‘§ bC lhlh

Self-consistent dynamics
of one variable

28



Mean Field Limit N > 1

* In the NV > 1 limit the dynamics can be reduced to a self-consistent dynamics
of a single variables

N

LLh, b (-)o) = = ) ik’

a

Use:

o3 2 HCiR < o2 iiﬂna>

“@il@h e—za iiza[...]+% Y Cih%ih? _ < '[9%9}1 e_za l-jla[m_na]>

CNS-2019, Barcelona July 2019

(1+0,)h" =y ) GS’ — b
b

n Gaussian field with

! (nn”), = C*

(n“), =0

N> 1

1 .
+— ) CPihih"

Self-consistent dynamics
of one variable

n



Mean Field Limit N > 1

* In the NV > 1 limit the dynamics can be reduced to a self-consistent dynamics
of a single variables

a

0,h = —h+y ) GPSP + b+t +h05(t, — 1)
: b

Stochastic dynamics

S of one variable
1) zero-mean Gaussian field with (799"”) = C*
Note:
C = (S(h) S(h?)), = l Z (S9SP) Self-Consistent Equation
N “
5 '@ 6
ab __ a — a
G = (S lpey =< 2, 555V

i
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Mean Field Limit N > 1

* In the NV > 1 limit the dynamics can be reduced to a self-consistent dynamics
of a single variables

a Stochastic dynamics

0,h = —h+y ) GPSP + b+t +h05(t, — 1)
: b

S of one variable
1) zero-mean Gaussian field with (799"”) = C*
Note:
C = (S(h) S(h?)), = l Z (S9SP) Self-Consistent Equation
N “~

) 1 )
ab _ 7 a — — (g4
O =S (S0l = NZ Shb 5910

i

From nowon:y =0

Feed-back from symmetric component Fully Asymmetric Matrix
of synaptic matrix J;;

CNS-2019, Barcelona July 2019 3 I



Self-Consistent Dynamics

O,h® = —h® +n“

—s

- 1" := Gaussian field of zero mean and correlation <77a77b>n — O
Where:

|
/

Self-Consistent Equation

C(t) = (S(t +10) S(to)) = (B(gh(t + to)) 6(gh(to)) )

/
h(t) = / ds e 175 n(s) Linear function of 7

CNS-2019, Barcelona July 2019
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Differential Self-Consistent Equation

Define

A" = (h(ty) h(ty)) = (h*R)

Self-Consistent dynamics

field-field correlation function

(14 8a) h® = n° > (1+0a)(1+ 8)(h*h%) = (n*n")

Taking t =t, —t, leads to the differential self-consistent equation

— | AW - PAW) = O

Closed Equation

33



Correlation ¢ = (55" = (¢(gh*) ¢(gh®))

Fourier Transform

dk dk’

. Cab
> o 21

Qb(k) gg(k’) <€_ikgha_’ik/ghb>

n

h|n| linear function of n

= h Gaussian Field with <h“> = 0, <h“hb> NCL

dk dk’ - 2 , ,
where
A% — AP — AN, A — A

CNS-2019, Barcelona July 2019
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Self-Consistent Newton Equation
Since C = C(A;Ap)
;A=A —C=-0aV(A;A) Newton Equation

B A8
V(A; Ag) = 5 + / dA"C(A'; Ay) Classical 1D motion
0

Classical Motion with Energy F. = %(&A)z + V(A; Ay)

Boundary Conditions

a) A(t) Autocorrelation function ey IA(t)] < A(t=0)=Ag g%gz’ed Classical
b) A(t) = % /_ ;OO dt' e "Y1 C(t') = Differentiable even function of 1
A(—t) = A(t)
> O:A(t)],_g =0

c) A(t=0)=24y free

<> Different solutions with different classical energy E, = V(Ag; Ag)

CNS-2019, Barcelona July 2019 35



Classical Potential

Noticing:

A /
[ s c@iang = - [ R 60 d)exp { -5 [Ba(k? + 1) + 28kK] |
0

Defining:

e.g.

9 A

2mk 2k’ 0

B () = /O dyoly)  dk) = dk)/k

¢(x) =tanh(x) = @(z) =Incos(x)

l

V(A5 Ao) —_A_2+—/Dz UDM} QWAO_’AHQZ\/W)F
~ [/Daz(b g:E\/A_o>]

where:

Dzx = \/TB Gaussian Measure
p

36



Solutions

* 83 4 1 .
) @V(A;Ag)zg /Dz [/Dang (ga:\/AO—|A|+gz\/m)] > 0

82
—3 WV(A§AO) monotonously increasing function of |A|
\,_;) has no zero or has one zero for 0 < A < A
* 2 /12 AQ A
) V(A;Ao)z[—htg [MA}?JFO(A) Al <1
)5, = [ Do florv/Bo
Cases:
2
a:  —1+4g°[¢] A, >0 Aviaa)

Oscillating solutions which changes sign

CNS-2019, Barcelona July 2019
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Solutions

A V(4;4)

¢ V(Ag;Ag) >0
f: V(AO; Ao) < 0
Oscillating solutions which change sign

Time-independent solution

. V(AO; Ao) =0

Time-Decaying solution (chaotic)

e: V(Ao; Ao) <0

Oscillating solutions which do not change sign Note: for g < / only f with

A=Ayg=0

CNS-2019, Barcelona July 2019 38



Phase diagram

No solutions

1.2
———y g <1
Time-Independent solution 08
A=Ag=0
20
—— g > 1
04 [
f:Time-Independent solution with
A =Ay= q >0
0.0
0.0

0= (6% = [ D291
(SK Solution)
f:- d: Oscillating solution which do not change sign
d:Time-decaying solution: tli)m A(t) =0

Below d: Oscillating solutions which change sign

CNS-2019, Barcelona July 2019

—1+ ¢* [gb’}io =0

single / double well

1.2

39



Stability Mean Field Limit

= Replicas: S = 8%t,), a=1,...,n

Zlp. p) = / DO DC e~ NSIE:Cird)

~ 1 A .
S[C,C;p.p) = 5 Y _iC"C™ —W[C.Cip, ) (recall....)

ab
W[C,C;p,pl = ln/Dh Dh e L(h:h;C.C p,p)
. ~ A\ -7 a a 1 - Aab ca b ab-2a-th
L(hh; C.C.p, p) = =} ih" (14 0a)h +§Z[ZC SeSY + CVih%ih

a ab

+ Z [iﬂapa 4+ Z'[A)aha}

- Fluctuations:

C=06P 4 Q iC = iCP) +4Q

oo ) A NSLI0.0:0.p
Zlp,pl~ 2" p, p]/DQDQe NS2[Q,Q;p,0]

A 1 A 1 A A
$[QQippl = 5 Y iQ™Q™ = 5} iQ™ (88 ik ih")Q
ab ab,cd

_ % Z i@ab {<SaSbSch> . <SaSb><Sch>} iQCd
ab,cd

CNS-2019, Barcelona July 2019



Stability Mean Field Limit

To evaluate <S“Sbih%}}d>

Define: (14 0,)(1 + 0T = Q

A 1 A A A
— SVQip =3 Y Q™ [<SC‘SbSCSd> - <Sa5b><scsd>}icgcd + % > QAT

ab,cd ab

%
DA

<SaSb>\Ifab o azaa <SaSb>\Paa o

0

AT = (1 +9,)(1 + 9p) U — AT

<Sasb>qub

()-integration

Stability Condition:

CNS-2019, Barcelona July 2019
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Define:

—— (88 =

Useful Relations

£ =avAg — [Al + 2v/]A

o[ f o]
2 o[ forstc] [ oesnc

42



Stability: Time-Independent Solution

Stability Equation:

g (14 0a)(1+8y) = g%[(0)?] | 9 — g2_2[¢<b"]q(‘1’aa +U7) = AU

A = AO == (
Case g<1
q=0 ¢(0) =¢"(0) =0, ¢'(0)=1
Set ta — tb =1
Fourier Transform  f(w) = / dt "t f(t)
14+w?—g¢g°=A Stability Equation

A>0  forallw ——3 A =/Ay=0 Stablefor 9<1

CNS-2019, Barcelona July 2019
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Stability: Time-Independent Solution

Case 9>1 q=1[¢°], >0

Fluctuations Wbe — pab

Symmetric

\Pab(taatb) — \IJS(taa tb)
\PS(tbvta) — \IJS(taa tb)

Set t,—t, =1

Anti-Symmetric

\Pab(taa tb) — Eab\IjA(taa tb)

Ua(ty,te) = —WYa(te, ty)

6ba _ _eab

1+w?—¢°[(¢))?]; =N Relevant Eigenvalue

But 1—g*[(¢')%], <0 [de Almeida Thouless]

4 w such that A =0

CNS-2019, Barcelona July 2019

ey A = Ng=q>0 unstable for g > 1
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Stability: Time-Dependent Solutions

Stability Equation:

82

o . ab
Oa + 0y + Dudh—575V (A: Ag) | W
_1 82 V(AA )[\Ifaa 4 \Pbb} _ A\Ifab
20000A " Y
Critical Fluctuations
per =, U = W(t, —tp) off-diagonal replica fluctuations

Set 0, =0+ 0, [0 — 0"] to ensure causality

—07 — 04V (A; AO)} U(t) = eV(t) Stability Equation

A=26+c¢ 1D Schrodinger Equation

Voum(t) = — AV (A; AO)‘A:A(t)

CNS-2019, Barcelona July 2019 45



Stability: Time-Dependent Solutions

Classical Potential:
A Via;4)

\ )
v

A

—V"(0;A0) = 1 — ¢*[¢],

»

A = A(t)

46



Stability: Time-Dependent Solutions

Quantum Mechanical Potential:

Time-Decaying solution

Vam(t) = — 03V (A; AO)‘A:A(t)
—V"(0; Ag) = 1 — ?[#)4,
RA0
\\\ //, \\ /_\ /\ T ///
\/’ \\\ / \/ \ II,'

CNS-2019, Barcelona July 2019

Time-Periodic solution
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Stability: Time-Dependent Solutions

Self-Consistent Equation:

A = —OAV(A; Ag) = [—0; — OAV(A; Ag)] A =0

O; A eigenvector with eigenvalue ¢ = (

Time-Decaying solution:

w(0)

CNS-2019, Barcelona July 2019

A=2)

marginally stable § — 0T

= iA(t)],_yg =0 ey U =0,A has exactly one node

There is exactly one eigenfunction with eigenvalue ¢y <0

A:€O+25#O

N—

stable

48



Stability: Time-Dependent Solutions

Time-Periodic solution:

U(t) periodic solution of period 7 == U = 9, A changes sign once in a period T
and vanishes att =0, T

There is exactly one periodic eigenfunction with eigenvalue ¢y < 0

But.....

Periodic potential = Energy bands

co < 0 bottom of lowest energy bands

A passes continuously through () S unstable

CNS-2019, Barcelona July 2019
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< Fixed g:

Some Numerical Result

g = 1.5 (100 samples)

0.8

0.6

| | |

N=100 ——
N=200 ——
N=400
N=800
N=1600

0.4

-0.2 |

0.4 |

APAN

VVV\/

Fix point

Limit cycle

CNS-2019, Barcelona July 2019

50 1 OO 1 50 200

Chaotic
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Some Numerical Result

< Fixed V: NZ100
1
\‘ /
0.5 \ ; -
4 ""\\‘ ’H y#} Y ‘“‘\‘
\n‘w ”1'\\ \‘a’
§  of “\‘ M ‘i\ ]
@ “ \\ ') \\'
u\ﬁ,‘ ! '\: ‘
0.5 |
N=100 ’
T T T T T T T -1 1
=15 ——
0.15 |- 9 i S,
ot i Chaotic behaviour
0.05 - i
%) 0 |
-0.05 i o |
01 b ] Periodic behaviour
0.15 .
] ] ] ] ] ] ]

0.26 028 03 032 034 036 038 04
Sy
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Finite N

I/N

Some Numerical Result

Fix Point

1S
M'ﬂ& //
///
//
/
/
/
/
/
/
II
4 Chaotic

< Smooth transition Fix Point / Chaotic

hi(0) == Behaviour depends on Ji;
Jij == Behaviour depends on h;(0)

Crossover

CNS-2019, Barcelona July 2019

\/
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Maximal Lyapunov Exponent

Lyapunov Exponent controls the growth of small perturbations

e [SR(1)] ~ |SR(0)] X,  t>1

A := Lyapunov Exponent
A >0  Chaotic Behaviour

How do we compute ) ....

*) Perturbation evolution law:

Oy0h; = —0h; + g Z Jij @' (gh;) 0h;  Linearised equation of motion

g=1

i(t, o) 8hj(to)

\L
||M2

Shi(t)
5h;(t0) |, o

Xij(t,to) =

CNS-2019, Barcelona July 2019
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Maximal Lyapunov Exponent

*) Perturbation growth:

% N Shi(t)? =3 Agi(t, to) 6y (to)Shu. (o)

i=1 ik
Ajr(t, o) ZX@] (t,to) Xar(t, to) symmetric matrix

*) Lyapunov Exponent:

1 1
) A= lim —ln[TrA(t to)} = lim — In —Zf(ij(tatO)z

t—oo 2t t—oo 2t N “—
ij

N > 1 self-averaging

CNS-2019, Barcelona July 2019



Maximal Lyapunov Exponent

*) Spin Susceptibility:

Xij(t,to) =

1. |1
> A= th_tln NZXij(tatO)Q

t— 00

*) Dynamic Field Theory:

Xij (t,to) = (Si(t) ih;(to))
replicas
1 1 P B B o
> = Z Xii(t t0)? = — Z<stzbmﬂh§i> a=c#b=d replica indexes
iJ

N

]
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Maximal Lyapunov Exponent

1 a -17cC:7 ab : Are 1
3 | = ) (SPSViiRG) = N(CiC") — < [8acOba + Gaddbe]

©J

<Cabi6'0d> two-point correlation function of the theory governed by the action NS|C, C:0, 0]

where:
. 1 . .
S[C.C;50,00 = 5 Y ic*e* - wic, C;0,0]
ab
W[C,C;0,0] = In / Dh Dh F(:156:€.0.0 dynamic single-site field theory

L(h,h;C,C,0,0) = — Ziﬁa(l + 0 )h* + % Z {ié’abS“Sb 4 Cabiﬁaihb}
a ab
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Maximal Lyapunov Exponent N > 1

Saddle point

S[C,C] ~ S¥P[C,0] + S:[Q,Q], N >1

where: (see fluctuations)

~ 1 - Aa a c a c Yate 1 - Aa a
80,0 = ga;dzcg (o5t 5oty — (5787 (5°5%) i+ + 5%@ b A
ab ab a a ob ab a a ob aa a a ob bb
A\IJ — (1‘|‘aa)(1‘|‘6b)\:[j - 8Aab<s S >\Ij - W<S S >\IJ - aAbb<S S >\I/
(14 0,)(1 + 0) T = Q2
A 1, 4 a bl [iC
s slw.d =@ |2 ol ()
. 1
) Equation for — " y..(t,t)?
— A(T?iQ) = %[%c%ﬁ(sadébc} NZ e

(1 4+ aa)(l 4+ 8b)<qjabchd> _ <Qabchd>
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Maximal Lyapunov Exponent N > 1

*) Takea =c# b=d

[aa 4Dy + 0u0y — XV (A AO)] (W (ta, 1) Q" (tes ta)) = L St — )t — L)

N
Define;

t=t,+ty, t =t.+1q
s=t,—ty, S =t.—1q

e [20, 407 + 1| (U1, ) iQ ) = 0(t— )05 — )

Mo = —07 — RV (A; AO)‘ Fluctuations Quantum Hamiltonian

A=A(s)

Write:

(Wo(t,5)iQ™ (1, s') Zgn t,t) o (s) @ (")

l

Hamiltonian eigenfunctions: H ¢, = €, ¢,
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Maximal Lyapunov Exponent N > 1

— [2@ + 07 + en} gn(t, 1) =0t = 1t')

Fast:

Assume  gn(t,t) ~ e2An(t=t") t—t'>1

2N, = —1 £ /1 —¢,
Slow:
Exact gn(t — t/) = M e~ (=) ginh {\/ 1 —e,(t — t/)}
" V1—e€, "

Finally:

1 .
A=max A, = Ao = o [_1 n m} Maximal Lyapunov exponent

€0 := lowest eigenvalue of H S c0<0 = A>0
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Maximal Lyapunov Exponent N > 1

>i<) g<1l = A=A;=0

[¢'(0) =1] VQM:1_92 “"‘“"“""""‘% 60:1—92

*) 9> 1 decaying solution A(t) ~ e "/ > 1

3 € <0 NS0 g>1 Chaotic Solution

Limits 1
)\N1<g_1)2 g— 17" AMh> 7~ (g-1)""1
A~C'lng g — 0 )\_1<<Tafv1/\/1—2/7r (PRM Theory)

2C =1/+/(m —2)(2 —7/2) ~ 1.4286. ..
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Final Remarks

That’s enough...

~% Dynamic Field Theory Formulation

~% Mean Field Limit

Exact in this model (fully connected)

Finite K, D Corrections == Perturbative expansions

Solvable in this model (fully asymmetric)

symmetry -3 Memory effects

-> Dynamic Mean Field Theory

Starting point perturbative corrections

—<» Lyapunov exponent

Thanks for your attention

(and patience)
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