
WRITTEN EXAM 22/04/2024 - Condensed Matter Physics -  Profs. M. Grilli and A. Polimeni 

EXERCISE 1 

A one-dimensional crystal with lattice parameter a is formed by a diatomic basis containing an atom with 

mass m1=1.795×10-26 kg and an atom with mass m2=2.326×10-26 kg. The linear density of the lattice is 

=2.061×10-16 kg/m. The atoms in the lattice are coupled by first nearest neighbour interactions. The latter 

can be approximated by an elastic force with elastic constant C. 

a) Knowing that the sound velocity in the lattice is vs=1477.8 m/s, determine the optical phonon frequency 

at the centre of the first Brillouin zone. 

b) Determine the Debye and the Einstein temperatures of the lattice. 

c) Evaluate the specific heat of the lattice at T=1 K and T=900 K. 

Note: ∫ d𝑥
𝑥

𝑒𝑥−1
=

𝜋2

6

∞

0
 and ∫ d𝑥

𝑥2𝑒𝑥

(𝑒𝑥−1)2 =
𝜋2

3

∞

0
    (only one of these should be used); kB=1.38110-23 JK-1 

=1.05510-34 Js. 

 

 
 

 

 
 

 

 

 

 

 

 

 

 

 

 



Solution  ex. 1 

 

a) We know that for a one-dimensional lattice that the optical phonon frequency at the centre of the first 

Brillouin zone is 𝜔opt(𝑞 = 0) = √2𝐶 (
1

𝑚1
+

1

𝑚2
). 

The elastic constant C=4.5 kg/s2 is found from the sound velocity 𝑣𝑠 = √
𝐶 2⁄

(𝑚1+𝑚2)
𝑎 with the lattice constant 

given by 𝑎 =
(𝑚1+𝑚2)

𝜆
=0.200 nm. Hence, 𝜔opt(𝑞 = 0) = 2.981 × 1013 rad/s. 

 

b) In the Debye model, we have 𝜔D = 𝑞D𝑣s=
𝜋

𝑎
𝑣s = 2.321 × 1013 rad

s
 and the Debye temperature is ΘD =

ℏ𝜔D

𝑘B
=177.3 K. In the Einstein model 𝜔E = 𝜔opt(𝑞 = 0) and the Einstein temperature is ΘE =

ℏ𝜔E

𝑘B
=227.7 K. 

 

c) We have two contributions to the internal energy density, one from the acoustic phonons and the other 

from the optical phonons: 

 

𝑢 = ∑ ∫
d𝑞

2𝜋

𝜋 𝑎⁄

−𝜋 𝑎⁄s=acoustic,optical
ℏ𝜔s(𝑞)

𝑒𝛽ℏ𝜔s(𝑞)−1
≈ ∫

d𝑞

𝜋

𝑞D

0

ℏ𝑣s𝑞

𝑒𝛽ℏ𝑣s𝑞−1
+

1

𝑎

ℏ𝜔E

𝑒𝛽ℏ𝜔E−1
. 

 

For T=1 K, we have 𝑘B𝑇 = 0.086 meV ≪ 𝑘BΘD(15.2 meV), 𝑘BΘE(19.6 meV). The optical phonon 

contribution vanishes (𝑒𝛽ℏ𝜔E~9.5 × 1098) and the acoustic contribution can be expressed in terms of the 

frequency density of states 𝑔(𝜔) =
1

𝜋𝑣s
 

𝑢 =
1

𝜋𝑣s
∫ d𝜔

𝜔D

0

ℏ𝜔

𝑒𝛽ℏ𝜔−1
=

𝑘B
2 𝑇2

ℏ𝜋𝑣s
∫ d𝑥

ΘD 𝑇=177⁄

0

𝑥

𝑒𝑥−1
=

𝑘B
2 𝑇2

ℏ𝜋𝑣s

𝜋2

6
. Then, the specific heat is given by 𝑐V =

𝜕𝑢

𝜕𝑇
=

𝑘B
2 𝑇

ℏ𝑣s

𝜋

3
=

𝑘B
2 𝑇

ℏ𝜔D

𝜋2

3𝑎
=1.28×10-15 J/(Km). 

For T=900 K, 𝑘B𝑇 = 77 meV > 𝑘BΘD(15.2 meV), 𝑘BΘE(19.6 meV) and the acoustic and optical phonon 

contributions equal, so that 

𝑢 ≈
2𝑘B𝑇

𝑎
 and 𝑐V =

2𝑘B

𝑎
=1.38×10-13 J/(Km). 

 

 

 


