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d Euler’s Theorem: An arbitrary rotation may be expressed as the product of 3 suc-
Dl H cessive rotations about 3 (in general) different axes.
CE—
Proof: Let {€,} be space frame axes. Let {e,} be body frame axes. We want to
find the rotation R so that e, = R,;e,. We can accomplish this in three steps:
e} = {el} =9 (e} = e} (3.35)
é:; o
& o
€ - < \e’ 1
1

Figure 31: The rotation from space frame {&,} to body frame {e,}.
Let’s look at these step in turn.

Step 1: Rotate by ¢ about the €3 axis. So e}, — R3(¢)as€5 with

cos¢ sing 0 o
R3(¢) = | —sin¢ cos¢p 0 (3.36)
0 0 1 o
This rotates the axes like this: o
- , -
b €3

o
[~
\J

U
e €

Step 2: The next step is to totate by § about the new axis e}. This axis e} is sometimes
called the “line of nodes”. We write e = R, (f) e} with

1 0 0

Step 3: Finally, we rotate by ¥ about the new new axis €fj so e, = Ry(¢) e} with

cos? siny 0
—siny cos 0
0 0 1

Rs(y) =

This final rotation looks like this:

"
€

(3.38)

This brings us to the promised rotation shown in Figure 31. Putting it all together, we

Ry(8) =

0 cosf sinf

(3.37)

have
Ra(¢,0,%) = [Rs(¢¥)R1(6) Ra(9)],, (3-39)
This is our claimed result. The angles ¢, # and ) are known as Euler angles. [m]
If we write out the matrix R(¢,6,v) in longhand, it reads
cos 1 cos ¢ — cos B sin psiny singcosy + cosfsinycos¢d  sinfsiny

R=

— cos ¢ sin — cos 0 cos ¥ sin ¢

—siny sin ¢ + cosfcostcosp sinfcosyy

0 —sinf cosf

sinfsin ¢ —sinf cos ¢

cosf

3.4.2 Angular Velocity

There is a simple expression for the instantaneous angular velocity w in terms of Euler
angles. One way straightforward, but slightly tedious, way to derive this is to plug
in the the expression (3.39) into the definition (3.6) of the angular momentum matrix
Q = RR™'. However, a little thought about what this means physically will get us
there quicker. Consider the motion of a rigid body in an infinitesimal time df, during

which each of the Euler angles will change a little

(¥,0,0) = (¥ + d,0 + df, ¢ + do)

w=08 +0e) +ies

From the definition of the Euler angles, the angular velocity must be of the form

(3.40)

(3.41)

Figure 32: Euler angles for the free symmetric top when L coincides with &3

We just need to write each of these vectors in the same basis. We'll choose to write
everything in the body frame basis {e,}. We can write the first two vectors above as

€, = sinfsiny e, +sinfcose, + cosfey

e =cospe, —sinye,

from which we find the expression for the angular velocity w in terms of Euler angles
in the body frame axis

w = [psinOsin e + § cosle; + [psinf cosyy — Gsintles + [¢ + dcosbles  (3.42)

By playing a similar game, we can also express w in the space frame axis.
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